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Probabilistic Structural Durability Prediction

Xiaoming Yu,¤ Kuang-Hua Chang,† and Kyung K. Choi‡

University of Iowa, Iowa City, Iowa 52242

An ef� cient reliability analysis method for durability of structural components subjected to external and inertial
loads with time-dependent variable amplitudes is presented. This method is able to support reliability analysis of
crack-initiation and crack-propagation lives of practical applications, considering uncertainties such as material
properties, manufacturing tolerances, and initial crack size. Three techniques are employed to support the prob-
abilistic durability prediction: 1) strain-based approach for multiaxial crack-initiation-life prediction and linear
elastic fracture mechanics approach for crack-propagation-life prediction, 2) statistics-based approach for relia-
bility analysis, and 3) sensitivity analysis and optimization methods for searching the most probable point (MPP)
in the random variable space to compute the fatigue failure probability using the � rst-order reliability analysis
method. A two-point approximationmethod is employed to speed up the MPP search. A tracked-vehicle roadarm
is presented to demonstrate feasibility of the proposed method.

Nomenclature
a = transitional acceleration
ac = initial crack length
a f = � nial (critical) crack length
a \ (z, Nz) = energy bilinear form
B = strain-displacementmatrix
b = fatigue strength exponent
b = vector of design variables
c = fatigue ductility exponent
D = structural elasticity matrix
E = structural Young’s modulus
Fe(t ) = vector of external-forcehistory
Fi (t ) = vector of inertial-forcehistory
f a
1 (x) = inertial body force per unit mass in translational

direction
f r
1 (x) = inertial body force per unit mass in radial direction

f t
i (x) = inertial body force per unit mass in the tangential

direction
fi (x) = inertial body force per unit mass
fX (x) = joint probability density function of random

vector X
g(X) = failure function
K = stress intensity factor
K = stiffness matrix of structural component
Kc = critical stress-intensityfactor for fracture
Kmax = maximum stress-intensityfactor
Kmin = minimum stress-intensityfactor
l \ (Nz) = load linear form
N = element shape function
N f = fatigue life to failure
N0 = required fatigue life
P f = probability of failure
qine = equivalent nodal force of � nite element model due

to inertial force
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qk = unit force and torque applied at kth node
R = ratio of maximum and minimum stress-intensity

factors
T = transformationmapping
T(X, h ) = transformation from X space to a standard,

uncorrelated normal U space
U = random variable in U space
U = random vector in U space
U ¤ = most probable point in U space
V = design velocity � eld
X = random variable in X space
X = random vector in X space
X1-X2-X3 = inertial frame of mechanical system
x 0

1i
-x 0

2i
-x 0

3i
= reference frame of the i th body

Z = space of kinematically admissible virtual
displacements

z = vector of nodal displacement
Nz = virtual displacement
Pz = � rst-order material derivative of displacement

vector
a = angular acceleration
b = reliability index
D K th = fatigue threshold stress-intensityfactor
D e / 2 = local uniaxial strain amplitude
D e eff/ 2 = equivalent unixial strain-amplitudeparameter
d ¾SIC = increment of stress-in�uence coef� cient
" = true strain
e f = fatigue ductility coef� cient
e LE = linear elastic local strain
l x = mean value of a random variable X
m eff = effective Poisson’s ratio
q (x) = mass density
r = true stress
¾ext(t ) = dynamic stress history due to external force
r 0

f = fatigue strength coef� cient
¾ine(t) = dynamic stress history due to inertial force
¾SIC = stress in� uence coef� cient
¾ine

SIC = stress in� uence coef� cients due to inertial
force

¾k
SIC = stress in� uence coef� cient due to unit force and

torque applied at the kth node
r LE = linear elastic local stress
¾(t ) = dynamic stress history
r x = standard deviation of a random variable X
U = cumulative distribution function of standard normal

function
w = performance measure
\ e = � nite element domain
! = angular velocity
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Introduction

S TRUCTURAL fatigue from � uctuation of stresses generated
over the service life of mechanical systems is the primary con-

cern in structural design for durability and safety. Uncertainties in
material properties,geometricdimensionsdue to manufacturingtol-
erances,and the typeof environmentto which themechanicalsystem
is exposed constitute the indeterministic nature of the fatigue-life
assessment for a structural component. A statistics-basedapproach
that takes these uncertainties into account provides a more realistic
and reliable assessment for structural durability and safety.

Early reliability analysis for fatigue life was based on the tradi-
tional stress–life method, which relates applied stresses directly to
the total life.1 This method is often used today, especially for high-
cycle fatigue problems in which the notch strains are predominantly
elastic. The stress–life method works well for designs involving
long life and constant-amplitudeloadings, such as power transmis-
sion shafts, springs,and gears.However, the stress–life methoddoes
not account for inelasticbehaviorand makes no distinctionbetween
crack initiation and propagation, and provides inadequate accuracy
for low-cyclefatigue.2 Moreover,becausethe damageparameterhas
no speci� c physical meaning in the stress–life method, this method
cannottake into full account informationon observedcracksor other
measures of damages.1

Increasingly,reliabilityanalysis for durability has focusedon the
fracture mechanics approach, i.e., probabilistic crack-propagation-
life prediction, which describes the possibility of fatigue crack
growth from an initial size to a critical size. The reason is that crack
size can be used in � tness-for-purposeevaluationsof damaged ele-
ments. Basically, there are two approaches for probabilistic crack-
propagation-life prediction: prede� ned-straight-crack growth, and
unknown-curved-crackgrowth.

A typical prede� ned-straight-crack-growth method is imple-
mented in the probabilistic structural analysis computer program
NESSUS (Numerical Evaluation of Stochastic Structures Under
Stress).3 Compared with a prede� ned-straight-crack path, the un-
known-curved-crackpath is more accurate.Bester� eld et al.4 devel-
oped a probabilistic � nite element method for fatigue crack growth.
Theydiscretizedtheunknowncrackpath intomanypiecesofstraight
lines connected at each discretization point. The direction of these
straightlineswas determinedby the crackdirectionlaw. Because the
crack is modeled explicitly in the � nite element model, the model
is required to be remeshed and solved many times for each fatigue
assessment.Consequently,this approachis very expensivefor relia-
bility analysis and has been demonstratedonly for simple academic
problems.

Compared with the probabilistic crack-propagation-life predic-
tion, less researchwork has been done on probabilisticcrack-initia-
tion-life prediction.Prior research on probabilisticcrack-initiation-
lifepredictionis limited to simplecases in whichconstant-amplitude
loads are considered and a simple crack-initiation theory is used,
such as Ref. 5.

The Monte Carlo method has been employed extensively to cal-
culate structuralreliability.To reducecomputationalefforts in struc-
tural reliability analysis, many approximate techniques have been
developed, such as the � rst-order reliability method (FORM), the
second-order reliability method (SORM),6 and the advanced mean
value method (AMV+).7 The critical step in the FORM or SORM
and AMV+ is the most probable point (MPP) search. A widely
used method for the MPP search is the Hasofer–Lind–Rackwitz–
Fiessler (HL–RF) method.6 Various MPP search methodshavebeen
reviewed.7–9 Recently, the multipointapproximationshavebeende-
veloped by Wang and Grandhi8 , 9 to support ef� cient MPP search.

The objective of this research is to develop an ef� cient reliability
analysis method for fatigue crack-initiation and propagation lives
of realistic structural components subjected to external and iner-
tial loads with time-dependentvariable amplitudes. In the proposed
method, histories of dynamic stresses in the structural component
are computed � rst using multibody dynamic analysis and � nite el-
ement analysis (FEA). The strain–life approach is used to predict
multiaxial crack initiation through a peak–valley editing of damage
parameters and rain�ow cycle-counting procedures. The dynamic
stress history also is used to predict crack-propagation life using

NASA/FLAGRO10 to support propagation of various crack types.
The FORM and AMV+ methodsare employed to compute the relia-
bility of crack-initiationand propagation lives of structural compo-
nents, respectively. The two-point approximation (TPA)11 method
is used for the search of the MPP in the FORM. The sensitivity
coef� cients of crack-initiation and propagation lives with respect
to random variables are calculated using the continuumdesign sen-
sitivity analysis (DSA) method12 , 13 to support the FORM and the
AMV+.

The rest of the paper is organized as follows. Reliability analysis
methods for the structural fatigue life using the FORM with TPA
and the AMV+ arepresented� rst.A structuralfatiguelife prediction
method with emphasis on dynamic stress computation is discussed
next. Then, the DSA method for the structural fatigue life is de-
scribed. After discussing these methods, a tracked-vehicleroadarm
is presented to demonstrate the proposed method. Conclusions are
given in the � nal section of the paper.

Reliability Analysis Methods
To compute the reliability(or probabilityof failure) of a structure,

a failure event corresponding to a structural performance measure,
such as displacement,stress, buckling load factors,must be de� ned.
For reliability analysis of structural fatigue life, the failure event or
failure function is de� ned as

g(X) D N f (X) ¡ N0 (1)

where N f (X) is the structural fatigue life, i.e., number of cycles
to fatigue, which is a function of random variables X, and N0 is
the required fatigue life. When N f (X) is less than the required life
N0 , that is, g(X) · 0, the event fails. Therefore, the probability of
failure P f is de� ned as

P f D P[g(X) · 0] D P[N f (X) ¡ N0 · 0] (2)

Given the joint probability density function fX(x) of the random
variables X, the probability of failure for a component-level relia-
bility problem can be expressed as

P f D P[g(X) · 0] D
Z Z

g(X) · 0
. . .

Z
fX (x) dx (3)

The multiple integral of Eq. (3) is very dif� cult to evaluate because
the failure function is an implicit function of the random vector X.
Also, the multidimensional numerical integration over the failure
region is extremely time-consuming. To overcome these dif� cul-
ties, various methods, such as the Monte Carlo method, FORM,
and SORM have been proposed. The Monte Carlo method pro-
vides a convenient,but time-consuming,solution for fatiguefailure-
probability prediction. On the other hand, FORM and SORM are
much more ef� cient and are reasonably accurate.

FORM
To make use of properties of the standard normal space, a trans-

formation is introduced to map the original random vector X to a
standard, uncorrelated normal vector using U D T(X), as shown in
Fig. 1. If the random vector X is mutually independent with distri-
bution functions fXi , i D 1, 2, . . . , n, the transformation is1

T: Ui D U ¡1 fX i (x) , i D 1, 2, . . . , n (4)

where U (²) is the cumulative distributionfunction (CDF) of a nor-
mal distribution. If the random variables are not mutually indepen-
dent, the Rosenblatt transformation14 can be employed.Hasofer and
Lind de� ned the reliability index as the shortest distance from the
origin to a point on the failure surface in the U space.6 Mathemati-
cally, it is a minimization problem with one equality constraint:

b D min
U

jUj (5a)

subject to

g(U) D 0 (5b)
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Fig. 1 Search of the MPP.

Fig. 2 Computation � ow of the MPP search.

The solution U ¤ of the minimization problem is called the MPP or
the design point. If the failure function g(U) is linear in terms of the
normally distributed random variables U, the failure probability is1

P f D P(g · 0) D U (¡ b ) (6)

If the failure function is nonlinear or random variables are not nor-
mally distributed, a good approximation still can be obtained by
using Eq. (6), provided that the magnitude of the principal curva-
tures of the failure surface at the MPP is not too large. Otherwise,
the SORM must be used.

The computational � ow of the MPP search is shown in Fig. 2,
where the � rst-order derivatives of the structural failure function,
such as the crack-initiation life, with respect to random variables,
i.e., sensitivity analysis, are needed when searching for the MPP.
The � nite difference approach often is used for sensitivity analysis.
This approach requires intensive computation of failure function
evaluations for sensitivity analysis and often restricts the FORM
to small-scale applications.Continuum DSA12, 13 offers an accurate
and ef� cient alternative to sensitivity analysis of failure functions.
This method allows computation of the sensitivity coef� cients out-
side the established FEA codes by postprocessingFEA results.15

The MPP search is an important step of the FORM. A popular
methodof the MPP search is the HL–RF method.6 Because the HL–
RF method is inef� cient or does not converge for highly nonlinear
problems, variousmodi� cationshavebeen proposedby introducing
a line search.A TPA method16 with proper move limits is adoptedin
this research to improve the ef� ciency and robustnessof the HL–RF
method.

MPP Search Using a TPA Method
The approximation method in structural optimization was in-

troduced to reduce the number of FEA. This is accomplished by
replacing the original optimization problem with a series of sub-
optimization problems that can be solved with less computation.
Recently, Wang and Grandhi8 , 9 applied the multipoint approxima-
tions to support ef� cient MPP search. Barthelemy and Haftka17

reviewed recent advances in approximation concepts for optimal
design, and pointedout that the TPA16 was promising. In this paper,
the TPA is used to improve ef� ciency and robustnessof the HL–RF
method. Using the TPA, intermediate variables yi are introducedas

yi D U pi
i , i D 1, 2, . . . , n (7)

where n is the number of random variables and Pi is the exponent
for the i th random variable. Using the TPA, the approximation of
the original reliability constraint (5b) is de� ned as

g(U)TPA D g U(k) C
nX

i D 1

"
Ui

U (k)
i

pi

¡ 1

#
U (k)

i

pi

¶ g U(k)

¶ Ui
D 0

(8)

where k indicates the current iteration; ¡D Ui · Ui ¡ U (k)
i · D Ui ,

i D 1, 2, . . . , n, where D Ui is a positivemove limit used to improve
robustness in optimization; and Pi is determined by

pi D 1 C
"

log
¶ g U(k ¡ 1)

¶ Ui
¡ log

¶ g U(k)

¶ Ui

#,

log U (k ¡ 1)
i ¡ log U (k)

i (9)

Numerical results show that TPA is more accurate than the linear ap-
proximation (LA) and the reciprocal approximation (RA) because
more information is used to form the suboptimization problem.16

The main advantage of TPA is its use of the exponent in Pi in the
approximation equation (8), which is very versatile. If Pi D 1 for
each random variable, TPA reduces to the LA; if Pi D ¡1, it re-
duces to the RA. Moreover, exponent Pi may be different for differ-
ent random variables. These characteristics make the TPA capable
of capturing the different behaviors of failure functions at various
random variables. In fact, the dependencyof structural failure func-
tions on material properties, geometric parameters, and loadings
could be quite different. Also, to prevent severe oscillation of the
approximatefailure function, the exponent Pi in Eq. (9) is restricted
to be between ¡3 and 3. This explicit and nonlinear approximation
problem can be solved by general-purposeoptimization codes.

AMV+ Method
The FORM discussedearlier searchesthe MPP and approximates

the failure probability P f . On the other hand, the AMV method7 es-
tablishesthe CDF for given structuralresponses.The AMV iteration
(AMV+) method7 is developedto improve the accuracyof the AMV
method.The AMV+ method is summarizedbrie�y as follows.A de-
tailed discussion can be found in Ref. 7.

The Taylor-series expansion of the structural fatigue life N f (X)
at the mean values of random variables X can be expressed as

N f (X) D N f (¹) C
nX

i D 1

¶ N f

¶ X i
(X i ¡ l i ) C H (X)

D a0 C
nX

i D 1

ai X i C H (X)

D N1(X) C H (X) (10)

where the derivatives ai are evaluated at the mean values l i :

a0 D N f (¹) ¡
nX

i D 1

¶ N f

¶ X i
l i

is a constant, N1 represents the sum of the � rst-order terms, and
H (X) represents the higher-order terms. Because N1 is explicit and
linear, its CDF can be computed ef� ciently.

Based on the AMV concept, two methods have been proposed
to improve the CDF estimates: the speci� ed CDF level method and
the speci� ed N0 value method.7 Both methods require iterations
that involve evaluations and sensitivity analyses of the fatigue fail-
ure function until a convergent solution that is close to either the
speci� ed CDF level or the speci� ed N0 value is obtained.

Fatigue-Life Prediction
In structural durability analysis, structural fatigue life, including

crack initiation and crack propagation, at critical points is calcu-
lated. The shortest life among these critical points is considered to
be the fatigue life of the structural component. The computation of
the structural fatigue life consists of two parts: dynamic-stresscom-
putationand fatigue-lifecomputation.The dynamicstresscan be ob-
tained either from experiment (mounting sensors or transducers on
a physical component) or from simulation. To carry out simulation,
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Fig. 3 Multibody mechanical system.

a number of quasistaticFEAs of the component are performed � rst.
The stress in� uence coef� cients (SICs) obtained from these qua-
sistatic FEA then are superposedwith the dynamic-analysisresults,
including external forces, accelerations, and angular velocities to
compute dynamic stress history. Sanders and Tesar18 show that the
quasistatic deformation evaluation is a valid form of approxima-
tion for most industrial mechanisms that are stiff and operate sub-
stantially below their natural frequencies. Note that, in their work,
they assume that deformation caused by applied external and iner-
tial forces is small, compared with the geometry of the structural
component. It is further assumed that the material from which the
component is fabricated behaves in a linear elastic fashion. In this
paper, the same assumptions are employed.

Multibodydynamic-analysismethods, which typicallyhave been
used for dynamic motion analysis, can be used for dynamic load
analysis of mechanical systems,19 e.g., a multibody system con-
nected by joints as shown in Fig. 3. In this paper, all bodies of the
dynamic model are assumed to be rigid. If the � exibilityof bodies is
large, such as the hull of a tracked vehicle, a � exible-bodydynamic
model must be employed.For suspensioncomponentsof groundve-
hicles, the rigid-bodyassumptionusuallyyields reasonablyaccurate
analytical results to support structural design for durability.

The � nite elementmodelof the structuralcomponentcorresponds
to a speci� c body in the multibody dynamic model. It is desirable
to create the � nite element model on the body reference frame x 0

1i
-

x 0
2i

-x 0
3i

so that loadings,accelerations,and velocitiesgeneratedfrom
dynamic analysis that are calculated on the basis of body reference
frame can be applied directly to the structural � nite element model.

Because dynamic stress histories contain very large amounts of
data, it is generally necessary to reduce or condense the amount
of data by, for example, the peak–valley editing, before perform-
ing the crack-initiation-and crack-propagation-life computations.20

These values then are used in a cycle-countingprocedure to trans-
form variable-amplitudestress or strain histories into a number of
constant-amplitude stress or strain histories. These histories then
are used to compute the crack-initiation life of the component. A
multiaxial fatigue model using von Mises equivalent strain failure
criteria is employed.2

The editeddynamicstresshistories(withoutcyclecounting) at the
critical point also can be used for crack-propagation-life prediction.
In this work, NASA/FLAGRO10 is employed to support the crack-
propagation-life computation. The FLAGRO takes edited dynamic
stresshistoriesas inputs to compute stress intensityfactors,and then
uses the stress intensity factors to calculate the crack-propagation
life using approximationand empirical equations.The computation
process for crack-initiationand crack-propagationlife is illustrated
in Fig. 4.

Dynamic Stress Computation
For the structural component subjected to external forces (joint

reaction forcesand torques) and inertial forcesobtained from multi-
body dynamic analysis, the quasistatic equation in a matrix form of
the � nite element method can be written as

Kz D Fe(t) ¡ Fi (t ) (11)

The dynamic stress then can be calculated using

¾(t ) D DBK¡1[Fe(t ) ¡ Fi (t )] (12)

where D is the material constitutive matrix.

Fig. 4 Computation process for fatigue life.

Fig. 5 Inertial forces applied
to a component.

To use the quasistatic method with multibody dynamic analy-
sis, the external forces and inertial forces acting on the component
are separated into two parts: time-dependent(external- and inertial-
force histories) and time-independent (quasistatic loading) forces.
The quasistatic loading is treated as the static forces. The SICs are
obtained by performing FEA for each quasistatic loading. The dy-
namic stresses then are calculated by using the superposition prin-
ciple, that is, external- and inertial-forcehistories are multiplied by
the correspondingSIC.

Quasistatic Loading for External Forces
A set of unit loads is used to calculate the SICs correspond-

ing to joint reaction forces and torques. The unit loads are applied
at a given point x in all degrees of freedom where joint reaction
forces and torques act. For example, if a set of joint reaction forces
and torques acts at the kth � nite element node, the correspond-
ing quasistatic loads qk are three unit forces and three unit torques
in the body reference frame of the j th body x 0

1j
-x 0

2 j
-x 0

3 j
applied to the

kth node as six loading cases. Therefore, the SIC ¾ k
SIC can be

obtained using FEA:

¾k
SIC D DBK¡1q k (13)

Quasistatic Loading for Inertial Forces
The inertial body force applied to a point x of the componentdue

to acceleration,angular velocity,and angularacceleration,as shown
in Fig. 5, can be expressed as21

fi (x) D f a
i (x) C f r

i (x) C f t
i (x)

D ¡ q (x)ai ¡ q (x)ar
i C q (x)a t

i (14)

where ai is the instantaneous translational acceleration and is inde-
pendent of the location of point x, ar

i is the centripetal acceleration
toward the instantaneous axis of the rotation and is perpendicular
to it, and a t

i is the tangential acceleration.The radial and tangential
accelerationsar

i (x) and at
i (x) at point x can be written as

ar
i (x) D x i j x jk xk (15a)

and

a t
i (x) D a i j x j (15b)

where xk is the kth coordinateof pointx, x i j is the instantaneousan-
gular velocity,and a i j is the instantaneousangular acceleration.The
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antisymmetric matrix notation that is formed from the component
of a vector is employed for both ! and ®, i.e.,

Q! ´

2

64
0 ¡ x 3 x 2

x 3 0 ¡ x 1

¡ x 2 x 1 0

3

75 ´

2

64
x 11 x 12 x 13

x 21 x 22 x 23

x 31 x 32 x 33

3

75 (16a)

and

Q® ´

2

64
0 ¡ a 3 a 2

a 3 0 ¡ a 1

¡ a 2 a 1 0

3

75 ´

2

64
a 11 a 12 a 13

a 21 a 22 a 23

a 31 a 32 a 33

3

75 (16b)

Hence, the inertial body force at point x is

fi (x) D q (x)(¡ai ¡ a i j x j C x i j x j k xk ) (17)

From the principleof virtualwork, the load linearformdue to inertia
forces can be written as

l \ (Nz) D
Z Z Z

\

fi (x)Nzi d\ (18)

where \ is the structural domain. For an element with diagonalized
mass matrix, such as ANSYS,22 the load linear form can be written
as

l \ (Nz) D ¡ail C (¡ a i j C x i k x k j )x
n
jl m D

ll Nzn
mi (19)

where xn
l j is the locationof the element’s lth node in the x j direction;

Nzn
mi is the virtual displacement of the element’s mth node in the xi

direction; and q is assumed to be constant. Also,

m D
ll D m ll (S/ D)

where

S D
X

i j

m i j , D D
X

i

m i i

and m i j is an entry of the consistent element mass matrix de� ned as

m i j D
Z Z Z

\ e

q Ni N j d \ e

where Ni is an element shape function. Thus the load vector of a
selected � nite element is

qine
ie

D ¡ail C (¡ a i j C x ik x k j )x
n
j l m D

ll (20)

where the subscript e indicates that the load vector qine
ie is obtained

at the � nite element level.
It can be seen from Eq. (20) that the inertial force q is linearly

dependent on components of the acceleration a and the angular ac-
celeration ®. However, the inertial force is not linearly dependent
on components of the angular velocities !. Instead, it depends lin-
early on the combinations of components of the angular velocities
!, such as x 1 x 2.

Note that the SIC of the � rst six quasistatic loads can be obtained
by applying unit accelerations [instead of evaluating Eq. (20)] and
performing FEA, using established FEA codes. However, Eq. (20)
must be evaluated to obtain the equivalent nodal forces correspond-
ing to the last six quasistatic loads involving the angular velocities,
which can be applied to the � nite element model as external nodal
forces. The SIC ¾ine

SIC due to inertial forces can be obtained using
FEA, as

¾ine
SICl

D DBK¡1qine
l , l D 1, . . . , 12 (21)

where qine
l D [q ine

i ]l and q ine
i is the summation of Eq. (20) over all

� nite elements in the structural component.

Dynamic Stress Computation
The dynamicstress is calculatedusing the superpositionprinciple

as

¾(t ) D ¾ine(t ) C ¾ext(t) (22)

where

¾ine(t ) D
3X

l D 1

¾ine
SICl

al(t ) C
3X

l D 1

¾ine
SIC(l C 3)

a l (t ) C ¾ine
SIC7

x 1(t) x 2(t )

C ¾ine
SIC8

x 2(t ) x 3(t ) C¾ine
SIC9

x 1(t ) x 3(t) C ¾ine
SIC10

x 2
2(t ) C x 2

3(t )

C ¾ine
SIC11

x 2
1(t ) C x 2

3 (t ) C ¾ine
SIC12

x 2
1 (t) C x 2

2(t ) (23)

in which ¾ine
SICl

is obtained from Eq. (21). Also,

¾ext(t ) D
nX

k D 1

¾k
SICFk (t ) (24)

where ¾k
SIC can be obtained from Eq. (13) and n is the number of

nodes to which external forces Fk (t ) are applied.
Because most cracks are initiated at the structural surface, and

the stress computed using displacement-based FEA at the surface
is usually less accurate, a stress smoothing technique that uses the
least-squaresmethod21 is employedin thiswork to improveaccuracy
of the stress at the surface.

Multiaxial Crack-Initiation-Life Prediction
Strain-based fatigue crack initiation models23 are employed. A

number of life prediction methods, such as von Mises equivalent
strain,23 , 24 the American Society of MechanicalEngineers (ASME)
Boiler Code,23 , 25 and the tensile and shear critical plane,23 , 26 are
commonly used and have been implemented in the DRAW20 (Dura-
bility andReliabilityAnalysisWorkspace) tool.Strain-basedfatigue
crack-initiation-lifepredictionmodels attempt to correlate a known
local elastic–plastic strain state from a specimen or structural com-
ponent to thecrack-initiationlifeof the specimenor component.The
fatigue crack-initiation life is usually considered to be the number
of loading cycles or history blocks necessary to form a microcrack,
usually a detectable surface crack of a length of 0.25–2.5 mm, al-
though no standard de� nition exists.

Local Strain Approach
Uniaxial low-cycle fatigue models,27 that is, the local strain ap-

proach, have become the most popular means of predicting crack-
initiation life of structural components subject to uniaxial loading.
Fatigue resistance of material can be characterized by a strain-life
curve such as the one shown in Fig. 6. This curve is determinedfrom
polished laboratory specimens tested under a completely reversed
strain control.

In accordance with the strain-life curve, the low-cycle fatigue
strain-life relation is given as

D e / 2 D ( r 0
f / E )(2N f )

b C e 0
f (2N f )

c (25)

where2N f is fatiguecrack-initiationlife.Modi� cationsto this equa-
tion have been proposed to account for mean stress effects, for ex-
ample, Morrow and Smith–Watson–Topper mean stress models.23

Fig. 6 Strain-life curve.
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Given a uniaxial, variable-amplitude local strain-time history, a
peak–valley editing routine28 followed by a rain� ow counting
routine23 will produce a series of de� ned local strain cycles. Us-
ing the amplitude D e / 2 of each of these de� ned local strains in Eq.
(25), the corresponding fatigue life for each de� ned cycle can be
determined.Using an appropriatedamage summation rule, the indi-
vidual fatigue life of these de� ned cycles can be combined to obtain
the predicted fatigue crack-initiation life for the given local strain-
time history. An HMMWV (High Mobility Multipurpose Wheeled
Vehicle) lower control arm was tested using a material testing sys-
tem to validate the fatigue-life computation method.29 The result
shows a 20–50% differencebetween the computationand the actual
test.

Multiaxial Fatigue Models
In most structural components, stress/strain � elds are multiaxial.

The main task in extending the local strain approach to a multiaxial
loading situation is to propose an appropriate strain-based dam-
age parameter, analogous to the uniaxial strain amplitude D e / 2 in
Eq. (25), with which to correlate the fatigue crack-initiationlife of a
structural component subjected to a multiaxial loading. In general,
there are three different approaches for fatigue crack-initiation-life
prediction under multiaxial loading: equivalent stress/strain (e.g.,
von Mises equivalent strain, ASME Boiler Code, and tensile and
shear critical plane), energy-based, and critical plane.23 In this re-
search, the equivalent stress/strain approach is employed, and the
von Mises equivalent strain is illustrated further.

Based on the de� nition of an equivalent-stress parameter pro-
posed by the von Mises yield criterion, this approach de� nes the
equivalent uniaxial strain amplitude parameter D e eff/ 2 as

D e eff

2
D 1p

2(1 C m eff)

D e 11

2
¡

D e 22

2

2

C
D e 22

2
¡

D e 33

2

2

C
D e 33

2
¡

D e 11

2

2

C 6
D e 12

2
C

D e 13

2
C

D e 23

2

2
1
2

(26)

where m eff is the effective Poisson’s ratio de� ned as

m eff D 0.5 ¡ (0.5 ¡ m )(Eeff / E) (27)

where Eeff is the effective secant modulus.26

Crack-Propagation-Life Prediction
The drivingforce for extensionof a crack is not the strain or stress

but the stress intensity factor K . The NASA/FLAGRO computer
program is employed to predict crack-propagation life. FLAGRO
takes edited dynamic stress histories as inputs to compute stress
intensity factors, and then uses these factors to calculate crack-
propagation life for a given initial crack, a prede� ned � nal crack
size, and an assumed crack shape. In FLAGRO, stress intensity fac-
tors are approximated using a simple formulation.

The crack-growth-rate equation incorporated into the NASA/
FLAGRO is the modi� ed Forman’s equation, expressed as30

da

dN f
D f (D K ) D

C(1 ¡ R)mD K n(D K ¡ D K th) p

[(1 ¡ R)Kc ¡ D K ]q
(28)

where R is the ratio of maximum and minimum stress intensity
factors, i.e., Kmax/ Kmin, Kc is the critical stress intensity factor for
fracture; D K th is the fatigue threshold stress intensity factor range;
and m, n, p, andq are the exponentsof a modi� ed Forman equation.

The crack growth life, in terms of cycles to failure, can be calcu-
lated using Eq. (28). Thus, cycles to failure, N f , can be calculated
as

N f D
Z a f

ac

da

f (D K )
(29)

where ac is the initial crack lengthand a f is the preset � nial (critical)
cracklength.The fatiguecrack-growthpredictionmodulecalculates
the crackextensionda in eachcycleof a sequenceof cyclesand adds
it to the current crack size. This process proceeds until the failure

conditionis reachedor a preset crack size is achieved.In each cycle,
the apparent or applied D K is calculated from the stress range that
is obtained from dynamic stress computation for uncracked struc-
tures, the crack size, and the built-in NASA/FLAGRO geometry of
the component under consideration. The D K computation is very
ef� cient because the crack is not explicitlymodeled or grown in the
� nite element model. In addition, the intensivedynamic stress com-
putation is needed only once for fatigue-life assessment. For more
accurateD K computations,a number of advanced techniques,such
as crackelements,mixed-modecrackpropagationcriteria,and auto-
matic remeshing, must be employed.31 In general, this computation
is very time-consuming because the dynamic stress computation
will be repeated several times for each fatigue-lifeassessment.Note
that the error in D K obtained using a less accurate but ef� cient ap-
proach is small compared to uncertaintiesin a fatigue analysis, such
as material properties and the load history.23

If the crack closure occurs at a level that is above Kmin in the
cycle, the crack growth rate will be reduced, as the driving force
that the crack tip experiencesis reduced. The crack closure analysis
that calculates the effect of R on crack growth rate under the con-
stant amplitude loading is used in this work. Based on Newman’s
equation, it is expressed in the form

D K2 D 1 ¡ (S0/ Smax)1

1 ¡ (S0/ Smax)2

1 ¡ R1

1 ¡ R2
D K1 (30)

where D K1 is a baseline or known D K value corresponding to a
da/ dN for R D R1 (R1 D 0)I D K2 is the D K value that gives the
same da/ dN at a different R value, i.e., R2; S0 is the crack open-
ing stress; and Smax is the maximum cyclic stress. More detailed
procedurescan be found in Ref. 30.

Sensitivity Analysis for Fatigue Lives
If the FORM is used to solve the reliability of the structural fa-

tiguelife, the sensitivitycoef� cientsof the fatigue lifewith respectto
random variablesare necessaryfor the MPP search. Methods of the
sensitivity computationhave signi� cantly affected the ef� ciency of
reliabilityanalysis.Note that the dynamic stress computationdomi-
nates the CPU time for durability analysis.21 Once dynamic stresses
are obtained, the crack-initiation and propagation-life calculation
is very ef� cient compared to the dynamic stress computation time.
Thus, for random variables that do not affect dynamic stresses, e.g.,
fatigue material properties, a � nite difference method is very ef� -
cient for the sensitivity calculation. For random variables that af-
fect dynamic stresses, e.g., structural dimensions, the hybrid DSA
method21 is employedbecause,in this case, the fatigue life cannotbe
expressed as a function of random variables due to the peak–valley
editing and cycle counting procedures.The computation procedure
of the hybrid DSA method is illustrated in Fig. 7.

Shape Sensitivity Analysis for Stress Measures
In continuum-shapeDSA, parameters that determinethe geomet-

ric shape of the structural domain are treated as design parameters.
The relationshipbetweenthe shapevariationof a continuousdomain
and the resulting variation in the structural performance measure
can be described using the material derivative idea in continuum

Fig. 7 Hybrid DSA for fatigue life: ——, stress-dependent random
variables, and – – –, stress-independent random variables.
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Fig. 8 Deformation process.

mechanics. A general shape sensitivity expression and the velocity
� eld are introduced � rst. The DSA expression then is applied to
three-dimensionalsolids with inertial forces.

Design Velocity Field
Consider the structural domain as a continuous medium, and the

process of changing the shape of domain \ to \ s in Fig. 8 as a
dynamic process that deforms the continuumwith s playing the role
of time. The transformationmapping T that represents this process
can be de� ned as12 , 13

T: x ! x(x), x 2 \ s (31)

where

x s ´ T(x, s )

\ s ´ T( \ , s )

C s ´ T( C , s )

9
=

;
(32)

Suppose that a material point x 2 \ in the initial domain at s D 0
moves to a new location x s 2 \ s in the perturbed domain. Then,
the velocity � eld V can be de� ned as

V(x s , s ) ´ dx s

ds
D dT(x, s )

d s
D

¶ T(x, s )
¶ s

(33)

In the neighborhood of initial time s D 0, assuming a regularity
hypothesisand ignoringhigher-orderterms, T can be approximated
by

T(x, s ) D T(x, 0) C s
¶ T(x, 0)

¶ s
C O( s 2)

¼ x C s V(x, 0) (34)

where x ´ T(x, 0) and V(x) ´ V(x, 0).

Shape Sensitivity Analysis
A variationalgoverningequation for a structuralcomponentwith

the domain \ can be written as

a \ (z, Nz) D l \ (Nz), for all Nz 2 Z (35)

The subscript \ in Eq. (35) is used to indicate the dependencyof the
governing equation on geometric shape of the structural domain.

A generalperformancemeasure thatdependson thedisplacement
and stress can be written in an integral form as

w D
Z Z

\

g(z, rz) d \ (36)

Using the adjoint variable method of shape DSA,12, 13 the variation
of the performance measure w of Eq. (36) can be expressed as

w 0 D l 0
V(¸) ¡ a0

V (z, ¸) ¡
Z Z

\

g, z rzT V

C g,rzr(rzT V)] d \ C
Z

C

g(VT n) d C (37)

where ¸ is the solution of the adjoint equation

a \ (¸, Ņ ) D
Z Z

\

g,z
Ņ C g,rzr Ņ d \ , for all Ņ 2 Z (38)

Using the direct differentiation method, the � rst variation of the
performance measure w can be written as

w 0 D
Z Z

\

g,zPz C g,rzrPz ¡ g, z(rzT V) ¡ g, r zr(rzT V) d\

C
Z

C

g(VT n) dC (39)

where Pz is the solutionof the sensitivityequationobtainedby taking
the material derivative of Eq. (35), i.e.,

a \ (Pz, Nz) D l 0
V (Nz) ¡ a0

V (z, Nz), for all Nz 2 Z (40)

The subscriptV on the right-handside of Eqs. (37), (39), and (40) is
used to indicate the dependencyof the terms on the velocity � eld.32

Numerical evaluation of Eqs. (37) and (39) requires knowledge
of the original structural response z, adjoint response ¸ or material
derivative Pz, and the velocity � eld V. Structural responses z, ¸, and
Pz can be obtained following rather routine computations. However,
the velocity � eld V must be computed carefully so that it satis� es
theoretical and practical requirements.32

Variation of Load Linear Form
With no traction force at the design boundary, a variation of the

load linear form of Eq. (35) can be written as12 , 13

l 0
V (Nz) D

Z Z Z

\

[ f 0
i Nzi C Nzi ( fi, j V j ) C fi Nzi div V ] d \ C Pq i Nzi (41)

where

f 0
i ´ lim

s ! 0

fi s (x) ¡ fi (x)
s

D 0 (42)

and fi s (x) D fi (x) because the inertial force evaluated at a � xed
material point x before and after design changes is constant. Note
that the variation of qi Nzi is zero becauseqi (correspondingto a joint
reaction force) is assumed to be independent of design changes.
Therefore, Pqi D 0 for the quasistatic load corresponding to the joint
reaction force. The variation of the quasistatic load linear form cor-
responding to inertial forces can be written as21

l 0
V (Nz) D (¡ a i j C x i k x k j ) V n

jl m lm C xn
jl Pm D

ll ¡ ai Pm D
ll Nzn

li (43)

for a � nite element with a diagonalizedmass matrix, where

Pm D
ll D Pmll (S/ D) C m ll ( PS/ D) ¡ Pm ll (S/ D2) PD (44)

and

PS D
X

i j

Pm i j , PD D
X

i

Pm i i

and

Pm i j D q

Z Z Z

\

Nl Nm div V d \

Design Sensitivity of Fatigue Life
As shownin Fig. 7, the � nitedifferencemethodis used to compute

the sensitivity of the component fatigue life. Once the sensitivities
of the SIC are obtainedusing the continuumDSA method described
earlier, the increment of the SIC can be obtained by

d ¾SIC D
¶ ¾SIC

¶ X j
d X j (45)

where d X j is the perturbationof the j th random variable.Note that
the perturbation d X j must be small for linear approximation of the
fatigue life. On the other hand, in numerical calculation, d X j cannot
be too small because it introduces numerical noise.

The SIC of the perturbed model can be approximated by

¾SIC(X C d X j ) ¼ ¾SIC(X) C d ¾SIC (46)

A stress time history of the perturbed model can be obtained by
superposing¾SIC(X C d X j ) with the same loading history obtained
from multibody dynamic analysis. Note that the perturbation is as-
sumed to be local so that the dynamic behavior of the mechanical
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system is not altered. The new dynamic stress history then is used
to calculate the fatigue life of the structural component with a per-
turbed random variable, L(X C d X j ), using the same life prediction
method. The sensitivity coef� cient of component fatigue life with
respect to the j th random variable can be obtained from

¶ L

¶ X j
¼

L(X C d X j ) ¡ L(X)
d X j

(47)

Note that Eqs. (45–47) must be evaluated repeatedly for all random
variables that affect dynamic stresses. This computation is very ef-
� cient because the sensitivitiesof the SIC are available.21

Numerical Example
A roadarm of the military tracked vehicle shown in Fig. 9 is

employed to demonstrate the proposed method for probabilistic
fatigue-life prediction. First, the multibody dynamic model of the
tracked vehicle and its simulation environment are described. The
structural � nite element model of the roadarm then is discussed.
A deterministic fatigue-life prediction of the roadarm is discussed
next. De� nition of random variables and probabilistic fatigue-life
predictions of the roadarm are presented as � nal results.

Multibody Dynamic Model and Simulation
A 17-bodydynamics model shown in Fig. 10 is generatedto drive

the tracked vehicle on the Aberdeen Proving Ground 4 (APG4), at
a constant speed of 20 mph forward (positive X2 direction). A 20-s
dynamic simulation is performed at a maximum integration time
step of 0.05 s using DADS.33 The joint reaction forces applied at
the wheel end of the roadarm, accelerations,angular velocities, and
angular accelerationsof the roadarmare obtained from the analysis.

Roadarm Finite Element Model
Four beam elements (STIF4) and 310 20-node isoparametric � -

nite elements (STIF95) of ANSYS are used for the roadarm � nite
element model, as shown in Fig. 11. The roadarm is made of S4340
steel, with material properties of Young’s modulus E D 3.0 £ 107

psi and Poisson’s ratio m D 0.3. The coordinate system of the � -
nite element model is selected to be identical to the body reference
frame of the roadarm in the tracked-vehicledynamic model. There-
fore, the loading history generated from dynamic analysis can be
used without transformation.

Fig. 9 Military tracked vehicle and roadarm.

Fig. 10 Tracked-vehicle dynamic model.

Table 1 De� nition of random variables
for crack-initiation-life prediction

Random variables Mean value Standard deviation Distribution

Young’s Modulus E 30.0EC6 0.75EC6 Log normal
Fatigue strength 1.77EC5 0.885EC4 Log normal

coef� cient r f
Fatigue ductility 0.41 0.0205 Log normal

coef� cient e 0
f

Fatigue strength ¡0.07300 0.00365 Normal
exponent b

Fatigue ductility ¡0.6 0.003 Normal
exponent c

Tolerance b1 3.2496 0.032450 Normal
Tolerance b2 1.9675 0.019675 Normal
Tolerance b3 3.1703 0.031703 Normal
Tolerance b4 1.9675 0.019675 Normal
Tolerance b5 3.1703 0.031703 Normal
Tolerance b6 2.6352 0.026352 Normal
Tolerance b7 3.2496 0.032496 Normal
Tolerance b8 5.0568 0.050568 Normal

Fig. 11 Roadarm � nite element model.

Fig. 12 Contour of crack-initiation life.

Deterministic Crack-Initiation-Life Prediction
FEA is performed � rst to obtain the SIC of the roadarm using

ANSYS by applying 18 quasistatic loads. Among these loads, the
� rst six that correspond to external joint forces are three unit forces
and three unit torques applied at the center of the roadwheel, in
x 0

1, x 0
2, and x 0

3 directions, and the remaining 12 quasistatic loads
that correspond to inertial forces are unit accelerations,unit angular
accelerations, and unit combinations of angular velocities.

The dynamic stresses at � nite element nodes then are calculated
by superposing SIC with their corresponding external forces and
accelerations and velocities in a time domain obtained from the
dynamic simulation. To compute multiaxial crack-initiation life of
the roadarm, the equivalent von Mises strain approach20 is em-
ployed. The fatigue-life contour is given in Fig. 12. The total com-
putation for fatigue-life prediction took 7084 CPU seconds on an
HP 9000/750.

Probabilistic Fatigue-Life Predictions
The random variables and their statistical values for the crack-

initiation-lifepredictionare listed in Table 1, including the material
and tolerance random variables. The eight tolerance random vari-
ables are de� ned to characterize the four cross-sectionalshapes of
the roadarm. Contour of the cross-sectional shape is composed of
four straight lines and four cubic curves as shown in Fig. 13. Side
variations(x 0

2 direction) of cross-sectionalshapesare de� ned as ran-
dom variables b1, b3, b5, and b7 for intersections1–4, respectively
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Table 2 De� nition of random variables
for crack-propagation-life prediction

Random variables Mean value Standard deviation Distribution

Initial crack length ac 0.025 0.0125 Normal
Yielded stress r ys 180.0 36.0 Log normal
Fracture toughness KIC 90.0 18.0 Log normal
Forman coef� cient C 0.791E¡08 0.2373E¡08 Normal
Forman exponent n 1.984 0.3968 Normal
Forman exponent p 0.25 0.0125 Normal
Forman exponent q 0.25 0.0125 Normal
Fitting parameter D K0 4.0 0.2 Normal
Fitting parameter C0 1.0 0.05 Normal
Fitting parameter d 0.5 0.025 Normal

Fig. 13 Tolerance random variable de� nition.

Fig. 14 CDF of failure of crack-initiation life.

(see Fig. 11). Vertical variations(x 0
3 direction) of the cross-sectional

shapes are de� ned using the remaining four random variables, as
shown in Fig. 13.

The FORM with TPA is used to calculate the reliability of the
crack-initiation life. The deterministic fatigue life at node 1216 is
the shortest with 9.63EC06 blocks (20 s per block). The CDF of
the crack-initiation life (number of blocks to failure) at node 1216
is shown in Fig. 14. The horizontal axis in Fig. 14 is the required
number of service blocks, and the vertical axis is the failure prob-
ability. The CDF in Fig. 14 is obtained by carrying out reliability
analysis at the seven required numbers of service blocks, which are
marked in Fig. 14.

Note that one FORM is equivalent to a deterministic optimiza-
tion. For the roadarm example, each reliability analysis took three
fatigue-life computations and three fatigue DSAs. The total com-
putation time is 10 CPU hours on an HP 9000/750. In actual design
applications, the CDF curve can be used to obtain the failure prob-
ability for the required number of service blocks before crack initi-
ation, or a required number of service blocks before crack initiation
with a required reliability.For example, it can be seen from Fig. 14
that, if the required number of service blocks before crack initiation
is 3.0EC06, the failure probability is 11%.

Fig. 15 CDF of failure of crack-propagation life.

Because the crack starts at node 1216, the probabilistic crack-
propagation-life prediction is carried out at the same node. In
addition to the eight tolerance random variables listed in Table 1,
the material random variables and their statistical values are listed
in Table 2. The AMV+ method in the fast probable integration,34 is
used to calculate the reliability. The CDF of the crack-propagation
life (crack length to failure) at node 1216 is shown in Fig. 15 with
a required number of service blocks 5.0EC06. The horizontal axis
in Fig. 15 is the critical crack length to failure, and the vertical axis
is the failure probability in which the crack-propagationlength ex-
ceeds the critical length, or a critical crack length for a required
failure probability. For example, if a 99.5% reliability (0.5 failure
probability) is required, the critical crack length is about 0.5 in. It
means that the probability of the crack growing to 0.5 in. from an
initial length of 0.025 in. after 5.0EC06 service blocks is 0.5%.

Conclusions
An ef� cient reliabilityanalysismethod for the durabilityof struc-

tural componentssubjected to external and inertial loads with time-
dependent variable amplitudes is presented. The proposed method
is demonstratedto be effective for industrial-typeapplications,such
as the tracked-vehicleroadarm. The proposedmethod has been em-
ployed to supporta mixed designapproachfor probabilisticdurabil-
ity. The proposed method also is being extended to low-frequency
� exible structures,such as vehiclebody structures, thermal-induced
fatigue for vehicle powertrain components, and system-level relia-
bility.
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